Abstract. In this paper we propose a finite element method for nonmatching overlapping grids based on the partition of unity. Both overlapping and nonoverlapping cases are considered. We prove that the new method admits an optimal convergence rate. The error bounds are in terms of local mesh sizes and they depend on neither the overlapping size of the subdomains nor the ratio of the mesh sizes from different subdomains. Our results are valid for multiple subdomains and any spatial dimensions.
Introduction
In recent years, there have been considerable interest in the use of overlapping grids. The main idea of overlapping grids is to divide a physical domain into a set of overlapping subregions which can accommodate smooth, simple, easily generated grids. In this approach, grid generation for complex geometries can be made simple, refinement grids can be added or removed without changing other grids, different equations/numerical methods may be used on different grids, and efficient structured grid solvers may be used. Furthermore, overlapping grids are well suited to parallelization and vectorization.
Overlapping grids have been much studied for finite difference as well as finite volume discretizations. For related works, we refer to [16, 17, 2, 20, 26, 14, 25, 26] and the references cited therein. As indicated in these references, the overlapping grids have been successfully applied in many engineering applications.
Recently, there have been some studies of applying the finite element method to overlapping grids. These studies are within the framework of mortar elements or Lagrange multipliers (refer to [13, 1, 23] ). The mortar finite element method and more generally methods based on Lagrange multipliers have been mostly developed and extensively studied for the nonoverlapping nonmatching grids (cf. [10, 11, 27, 8, 22, 23, 12, 6, 7, 28] ). In adaptive refinement of the finite element method, the nonmatching grids at the interfaces between the refined mesh and nonrefined mesh are treated by taking the values at the new grid points which are not previous grid 1058 YUNQING HUANG AND JINCHAO XU points to be the interpolation of the values at "old" grid points (see [15] ); this can be viewed as a special "mortar" in the nonoverlapping subdomain case.
In this paper, we present a new finite element discretization techniques that can be applied to general overlapping or nonmatching grids. Optimal error estimates are proved for the overlapping case with multiple subdomains. The nonoverlapping case can be carried out as a consequence of the overlapping case.
Our new finite element method admits an optimal error estimate for very minimal overlappings. In comparison, in the finite difference methods for overlapping grids and the convergence rate of the method, as observed and analyzed in [19, 14] , depend crucially on the size of the overlapping regions. The optimal error estimates for our new method is also true for the multiple subdomain case. In comparison, the mortar finite element method does not always enjoy this optimal property (see [1] ). In the mortar element approach, it is often a challenging task to impose matching conditions across different subdomains, and this kind of difficulty does not exist in our new approach.
Our new finite element discretization for overlapping grids is based on the partition of unity technique. The partition of unity method [4, 5] is frequently used implicitly or explicitly to develop so-called generalized finite element methods, including various "mesh-free" Galerkin methods [9] , the hp clouds [18] , the reproducing kernel particle method [24] , etc. For an overview see Babuska and Melenk [3] and Belytschko, Krongauz, Organ, Fleming and Krysl [9] . Huang and Xu [21] applied a partition of unity method to homogenization problems. It has been shown that the partition of unity method is a powerful tool for handling a large variation of problems efficiently. The main advantage is that it localized the approximation, which can be very flexible, and keeps the global continuity.
The study of the conforming finite element for overlapping and nonmatching grids is still in its infancy (although the main idea in this paper was already reported by the author at the Twelfth Domain Decomposition Meeting in Chiba, Japan in October 1999). The main pupose of this short paper is to set up a theoretical framework for the development of conforming finite element methods for overlapping and nonmatching grids. There are still many relevant practical issues that call for further studies on this method.
The rest of the paper is organized as follows. In Section 2, we shall give a brief description on overlapping grids and a simple naive finite element method associated with the overlapping grid. In Section 3, we present the main result of the paper: the construction of a new finite element space based on the partition of unity. In Section 4, we give a brief discussion of how our new method can be applied to nonoverlapping grids. Finally, in Section 5, we give a simple illustration of how our new method can be applied to elliptic boundary value problems.
Overlapping nonmatching grids and subdomain subspaces
Let us first introduce some notation to be used in the paper. Given a bounded 
and omit the index p in the norm notation. Given Γ ⊂ ∂Ω, we denote by
We shall use the notation , , as in Xu [29, 30] ; i.e., when we write x 1 y 1 , x 2 y 2 , we mean there exist constants c i , i = 1, 2 such that
where c i 's are constants independent of mesh size h. Let us now begin our discussion of overlapping grids. Given a bounded domain Ω ⊂ R d , we consider an overlapping domain decomposition of Ω; namely, we take Ω 1 , Ω 2 , . . . , Ω p to be overlapping subdomains satisfying
Figure 1 is an illustration of overlapping grids in two dimensions.
We assume that each Ω i is partitioned by a finite element triangulation T hi of maximal mesh size h i . We note that different T hi on a different domain Ω i may be completely independent of each other.
Associated with each triangulation T hi , we assume that we are given a finite element subspace S hi (Ω i ) ⊂ H r (Ω) (for some integer r ≥ 1) having the following standard approximation properties: For any u ∈ H mi+r (Ω i ) (for some integers
and, for any The main question we would like to ask is how to put together these local finite subspaces S hi (Ω i ) to construct a global finite element subspace of H 1 (Ω). We would like to emphasize here that, unlike existing techniques such as Lagrange multiplier methods or mortar element methods, we are trying to construct a globally conforming finite element subspace in H r (Ω). The main ingredient in our analysis and construction below is a partition of unity {ϑ i } associated with the overlapping subdomains {Ω i }'s. It is easy to see that we can choose this partition of unity functions ϑ i to satisfy the properties
where d i is the minimal overlapping size of Ω i with its neighboring subdomains.
To gain some insight, let us first describe a naive approach to construct a globally conforming finite element space. The idea is simply to enforce a function in S hi (Ω i ) to be zero on ∂Ω i \ ∂Ω and to use the zero extension of such a function to the rest of the domain. Namely we definê
Because each such space is globally defined as a subspace of H r (Ω), we can then naturally put them together by summing them up:
For the space defined above, we have the following simple result.
Theorem 1. For any given
, where {ϑ i } is a partition of unity satisfying (3). By (2), there exists
This completes the proof.
More refined analysis in some special cases. 
In this case, we have a slightly improved error estimate (comparing Theorem 1):
This appears to be the best estimate we can obtain for this situation without making any further assumption about how the grids from different subdomains are overlapped. In the most trivial situation when we have a global conforming grid, we can also view this global grid as an overlapping grid. In this case, we can of course get the usual optimal error estimate that is certainly better than the above one. But this trivial case is not interesting. Then one interesting question is whether it is possible to obtain an optimal error estimate for nontrivial overlapping grids. The answer to this question is, in general, negative. Let us now give a counterexample to illustrate this.
Let us consider a one dimensional problem with Ω = (−1, 1) and the two subdomains Ω 1 = (−1, h) and Ω 2 = (0, 1).
We further assume that the two right-most grid points inΩ 1 are x = −h and x = h, and the two left-most grid points inΩ 2 are x = 0 and x = h. We note that x = 0 is not a grid from the local finite element space in Ω 1 . In this case, we claim the resulting (say, linear finite element) space as defined in (4) cannot lead to an optimal error estimate. This is because the constant function in (−h, h) cannot be recovered from the resulting space. We can draw similar conclusions for the cases with more elements overlapped. For example, suppose that the left boundary point of the right subdomain is located in the inside of an element of the left subdomain, and make the same assumptions on the left subdomain. Then the constant function on the region of overlapping parts and the two elements containing the boundary points of the subdomains cannot be recovered. But we can find that a proper approximation can be derived, which is more accurate as the overlapping part gets bigger.
Construction of a global conforming subspace using the partition of unity
Not surprisingly, as shown in Theorem 1, the approximation properties from the space obtained by the naive approach deteriorates as the overlapping size decreases. In this section, we shall employ a new technique based on the partition of unity to construct a globally conforming finite element space that has optimal approximation properties.
The idea is actually quite simple, namely to use the partition of unity as described in (3) to glue all the local subspaces S hi (Ω i ) together. More specifically, we define
Then we have the following optimal error estimates.
Theorem 2. Assume the overlapping size
inf
Proof. Thanks to (1), we can choose
This completes the proof for j = r. The proof for other cases is obviously similar.
Remark 1. The condition d i h i means that the overlapping size in Ω i should at least have the width h i , which is the grid size. This is a very weak assumption for overlapping grids.
Remark 2. In the above construction and analysis, we may also allow r to vary on different subdomains. Such a more general choice of r may be useful when different types of partial differential equations are used in different subdomains.
Nonoverlapping nonmatching grids
In the previous section we proposed a generalized finite element method for overlapping nonmatching grids. The error estimates show that the error bound is optimal if the overlap is not less than the grid size in each subdomain. As a Figure 2 . Creating overlapping grids by simple extension result we cannot take the limit to obtain the nonoverlapping nonmatching grid finite element method by letting the overlapping size tend to zero. In this section, we shall discuss a simple technique to deal with this situation.
Without loss of generality, let us consider two subdomain cases. The analysis for many subdomain cases is similar.
Let Γ be the interface of Ω 1 and Ω 2 , and T h1 and T h2 are triangulations on Ω 1 and Ω 2 independently. The grid on the interface Γ generally does not match each other. Let us suppose h 1 ≥ h 2 and extend the mesh in Ω 1 to Ω 2 for one more element. So we get overlapping subdomains and nonmatching grids T h1 and T
h2
(see a typical example in Figure 2 for two dimensional case). Let Γ ⊂ Ω 2 be the boundary
Denote the nodes of T h1 (Ω 1 ) on Γ by x j , the unknowns by u j . Let θ 1 and θ 2 be partition of unity such that
and θ 1 = 1 on the left of Γ and θ 2 θ = 1 on the right of Γ . Eliminating the unknowns u j , we derive a system which is equivalent to the nonoverlapping grid finite element system plus a constraint to the unknowns near the interface. This constraint can be regarded as a special kind of "mortar". The error estimates can be obtained by the overlapping case.
Applications to elliptic boundary value problems
With the optimal approximation property (6), the globally conforming finite element space defined in (5) can naturally be applied for discretization of (both steady and nonsteady state) partial differential equations of various kinds. In this section, let us give an illustration of its application to elliptic boundary value problems.
We shall consider general elliptic boundary value problems (including systems)
n , where n ≥ 1 (depending on whether u is scalar or vector).
Let a(·, ·) be a bilinear form defined on V (Ω) × V (Ω) as
where L 0 is a linear partial differential operator of order less than r.
Obviously a(·, ·) is a continuous bilinear form on V (Ω) × V (Ω). We further assume that the following inf-sup conditions are satisfied:
We then have the following well-posed variational problem: Find u ∈ V (Ω) such that
n . With the generalized finite element space given by (5), we have the finite element discretization of (8) as follows:
By the approximation estimate (6), we can use standard techniques to obtain the following result.
Theorem 3.
If max 1≤i≤p h i is sufficiently small, the discrete problem (9) is well posed and its solution u h admits the error estimate
The above examples are stated only for pure Dirichlet problems. If we use H r (Ω) in replace of H r 0 (Ω), we would get pure Neumann problems. We can of course also consider mixed boundary value problems.
Let us take a special look at the case r = 1. In this case, we have second order elliptic boundary value problems with the error estimate
As in the standard finite element method, we can also derive the error estimate in the L 2 norm. For example, if the coefficients in the underlying partial differential equations are adequately smooth and if either ∂Ω is smooth or Ω is convex, we can use a standard duality argument to obtain the error estimate
Some comments on the implementation
In this section, we give brief a discussion on implementation issues of the proposed method.
Overlapping case. The implementation issue has been much studied for the finite difference or finite volume methods for overlapping grids (e.g., [16, 17] ) and the techniques developed before can also be applied to our new proposed finite element methods. The key point is that, in the framework of overlapping grids, the local grids are assumed to be structured (mostly topologically Cartesian grids). In fact one main reason that we use overlapping grids is to be able to use local structured grids.
Without loss of generality, we can get the main idea by studying the implementation issue on overlapped Cartesian grids. The extension to more general structured grids can be realized with some proper isomorphic mappings with the Cartesian grids.
One main issue in the implementation of our proposed method is to decide the relevant location of each grid point or each element from one grid to another grid. But this is quite straightforward for Cartesian grids by simply checking the coordinates of the given grid point (or vertices of the given element) and the relevant locations of each (topologically structured) subdomain that is involved. For the purpose of numerical integration, we also need to know how elements from different subdomains intersect each other. This can be rather messy, but this is a price that we need to pay for this type of method. In practice, the overlapped region has a very small measure and these types of elements are not that many (typically the number of such elements should be of order O(n) if the total number of elements is of order O(n d ) (d = 2, 3) in d-dimensional space). The key point again is that we are working with piece-wise Cartesian grids, so the computational cost is quite moderate.
Nonoverlapping case. We feel that our proposed algorithm is particularly interesting for the nonoverlapping nonmatching grids (see Section 4). Here, let us discuss the specific issue of implementation; namely the construction of the partition of unity. We observe that one natural construction where θ 1 and θ 2 satisfy (7) is to use the element shape function with the grid on the extended overlapping region. Namely, we take θ 1 to be the summation of all nodal basis functions (linear or bilinear) associated with all the grid points on Γ and, similarly, we take θ 2 to be the summation of all nodal basis functions associated with all the grid points (from the extended grid) on Γ .
